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Summary. It has been proved by LaUey and Sehke [13] that every par- 
ticle born in a branching Brownian motion has a descendant reaching the 
rightmost position at some future time. The main goal of the present pa- 
per is to estimate asymptotically as s goes to infinity, the first time that 
every particle alive at the time s has a descendant reaching the rightmost 
position. 
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1 Introduction 
1.1 The model 

We consider a branching Brownian motion (BBM) on the real Hne M, which evolves as follows. 
Starting at time t = 0, one particle located at 0, called the root, moves like a standard 
Brownian motion until an independent exponentially distributed time with parameter 1. At 
this time it splits into two particles, which, relative to their birth time and position, behave 
like independent copies of their parent, thus moving like Brownian motions and branching 
at rate 1 into two copies of themselves. Let Af{t) denote the set of all particles alive at time 
t and let N{t) := ^//{t). For any v G J^{t) let X^{t) be the position of v at time t; and for 
any s < t, let X^{s) be the position of the unique ancestor of v that was alive at time s. We 
define 

R{t) := max Xu{t) and L{t) := min X„(t), 

uej\f{t) uej\f{t) 
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which stand for the rightmost and leftmost positions, respectively. 

The positions of the extremal particles of a BBM, R{t), have been much studied both 
analytically and probabilistically. Kolmogorov et al. [I2] proved that R{t)/t converges almost 
surely to V2. Bramson [6] [7] showed that R{t)-y/2t + {3/2V2) logt converges in law. These 
results hold as well for a wide class of branching random walks under mild conditions: see for 
example Biggins |4|, Addario-Berry and Reed [1], Hu and Shi [llj, Ai'dekon [2]. In particular, 
we state the following fact, which is first given by Hu and Shi [llj for branching random 
walks, and is recently proved by Roberts p!7] : 



'1.1) liminf — — ^ = = almost surely; 

^ ^ logt 2V2 

, , , R(t) -y/2t 1 , 

1.2) limsup ; = 1= almost surely. 

^ ' t^oo hgt 2V2 



In [13], Lalley and Sellke showed the following interesting property: every particle born 
in a BBM has a descendant reaching the rightmost position at some future time. Such a 
particle was thought of having a prominent descendant "in the lead" at this time. This 
property is in agreement with the branching-selection particle systems investigated in [8] , [9] 
and [3]. These papers bring out the fact that the extremal positions of a branching system 
on the line cannot always be occupied by the descendants of some "elite" particles. 

In the present work, we give some quantitative understanding of this behavior, and 
precisely speaking, about how long we have to wait so that every particle alive at time s has 
a descendent that has occupied the rightmost position. 

1.2 The main problem 

Let us make an analytic presentation for our problem. For any s > and each particle 
u G A/'(s), the shifted subtree generated by u is 



1.3) 7V"(t) := |w e7V(t + s),M < t;}, Vt>0, 



where u < v indicates that w is a descendant of m or is u itself. Further, for any v G J^^{t), 
let 

(1.4) X,"(t) ■.= X,{t + s)-Xu{s), 

be its shifted position. We set R^(t) := max^g_^i.(t) X"(t) and L'^it) := min„g_/v-«(j) X^(t). 
Moreover, Let | J^t; t > o| be the natural filtration of the branching Brownian motion. The 
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branching property implies that, given G J\f{s)} are independent copies of -R(-)- 

Moreover, we denote by the sigma-field generated by the shifted subtree started from 
the time s rooted at u. 
For every u G A/'(s), let 

(1.5) Tu := mf{t >0:R{t + s)= + 

The random variable r„ stands for the first time that started from time s, the particle u has 
a descendant reaching the rightmost position in the system. It is the object in which we are 
interested. We define 

(1.6) Qs ■= max r„, 

which represents the first time when every particle in A/'(s) has had a descendant occupying 
the rightmost position. 

According to Lalley and Sellke [I3], for any s > 0, P[Os < oo] = 1. Since 6^ — )■ oo almost 
surely as s — > oo, we intend to determine the rate at which 0^ increases to infinity. 

1.3 The main results 

To estimate Qg = niaxug^(s) r„, an intuitive idea consists in saying that, the further a particle 
is away from the rightmost one, the longer it has to wait for a descendant to be located on 
the rightmost position. We thus first focus on the leftmost particle. Let i{s) be the leftmost 
particle alive at time s. By (11. 5p . r^(s) is defined as the shortest time needed for i{s) to wait 
to have a descendant occupying the rightmost position. 

Theorem 1.1 The following convergence holds almost surely 

(1.7) hm i^i^ = 4. 

s—^ca s 

However, the leftmost particle is not the one who "drags the feet" of the whole population 
Af{s). By considering the positions of all particles alive at time s, as well as their evolutions, 
we obtain our main result as follows. 

Theorem 1.2 The following convergence holds almost surely 

(1.8) lim ^^^^ = 2 + 2V2 > 4. 

s 
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Remark 1.3 The proof of the theorems will reveal that the largest Tu for u G A^(s) is 
achieved by some particle located at a position around —(2 — \/2)s which does not split until 
time s + -^s and moves towards to the left as far as possible. 

The rest of this paper is organized as follows. Section 2 is devoted to discussing the 
behaviors of the extremal position -R(-), which leads to two propositions. In Section 3, 
we consider the case of two independent branching Brownian motions and state another 
proposition. We prove Theorem 11.11 in Section 4 by means of these propositions. Finally, in 
Section 5, we prove Theorem 11.21 



2 The behavior of the rightmost position 

We recall Proposition 3 in Bramson's work [6J. It is shown that for all < y < t^^^ and 
t > 2, there exists a positive constant c which is independent of t and y, such that 



(2.1) 



where 



P 



R{t) > m{t) + y 



< c{l + y)^exp{-V2y), 



m 



(t) := V2t - 



2^2 



logt. 



Therefore, with ci := c + 1, we get the following inequality, which will be applied several 
times in our arguments. 

Fact 2.1 (Bramson ||6]) For any t > 2 and y < \ft, 



(2.2) 

with ?/+ := max{?/, 0}. 



P 



R{t) > m{t) + y 



<Cl(l + y+)V^^ 



Let {Bs \ s > 0) be a standard Brownian motion on M. We state the following lemma, 
which can be found in several papers (e.g. [15] [10]). It is also of frequent use. 

Lemma 2.2 (many-to-one) For any measurable function F and each t > Q, 



(2.3) 



E 



F(X„(s),sG [0,t]) 



F(5„s e [o,t]) 



where, for each u G Mit) and s G [0,t], X„(s) denotes the position, at time s, of the ancestor 
ofu. 
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Let us present the following inequality as well, which is Equation (57) in Bramson [6] . 
Fact 2.3 For any s > 1 and any a > 0, 

s \ 



< P[fi. >a]< ^J^a-^ exp ( 



a 
2l 



It immediately follows that 

(2.4) F[B, < -a] = ¥[Bs > a] < ^ exp ( - . 



Moreover, if a = as with some constant a > 0, we have 



(2.5) 



2 

< -as] = F[Bs > as] = exp | - (^^ + o,(l))s}. 



where 0^(1) — )■ as s goes to infinity. 
We define, for any y > 0, 



T{y):=M{t>l;R{t)-m{t)>yy 



Because of (11. 2p . one immediately sees that P T{y) < oo =1 for any y > 0. Moreover, 
T{y) 'f oo almost surely as ?/ 1 oo. 



Proposition 2.4 The following convergence holds almost surely 
(2.6) 



y^oo y 

Proof: First, we prove the lower bound. 
Let 2 < y < v^, and set 



A := E 



t+i 



Clearly, A = P R{s) > m(s) + y - 1 



ds. Hence, 



A 



pLr(s) > m{s)+y- 1 



ds + 



t+i 



< 



E 



l(X„(s)>m(s)+j/-l) 



ds 



P 



t+i 



R{s) > m(s) + y - I 



ds 



P 



i?(s) > m(s) + y -I 



ds. 



By the many-to-one lemma and by (12 ■4p . 



E 



l(X„{s)>m{s)+y-l) 



ds 



Bs > m(s) + y — 1 



ds 



(2.7) 



< 



m(s) + y — 1 



exp 



-(m(s) + y-l] 



Note that for m(s) = \/2s — -^^^ogs with s E the inequahties 

/- . — (171(3)+ y — V^ 
(2.8) m(s) + y - 1 > v/2s and — ' ^ ^ ^ ^ 



exp( 



2s 



+ s)< s-'^'e 



2s 



+ s \ds. 



hold. Plugging them into the integration of (12. 7p yields that 



(2.9) 



E 



l{X„{s)>m{s)+S,-l) 

«eA/^(s) 



r o2 



1 723 



which is then bounded by C2ty^e as ?/ < Meanwhile, by the inequality (12.2 



(2.10) 



t+i 



t+i 



P \r{s) > mis) +y-l\ds< / CiT/^e-^^+^rfs < City^e-^^y^^. 

Combining (12. 9 p with (I2.10p . we have 

(2.11) A < c^ty^e-^y. 

with C3 > a constant independent of (y,t). 
On the other hand, 



A > E 



rt+l 



ds; T{y) < t 



P 



T{y) G dr 



E 



^{R{s)>m{s)+y-l) 



ds 



T{y) = r 



Conditionally on the event {T{y) = r < t}, the rightmost particle in A/'(r), denoted by u, 
is located at m{r) + y. Started from the time r, u moves according to a Brownian motion 
and splits into two after an exponential time. By ignoring its branches, we observe that 
|i?(s + r) > [m(r) + y] + [V^s — 1] > m{s + r) + y — l| is satisfied as long as the Brownian 
motion realized by u keeps lying above a/2s — 1. Hence, given {T{y) = r < t}, 



\ ■'■(i?(s)>m(s)+J/-l) 



ds > 



St 



■t+l-r 



1/ ^ ^ds> mm{l,T^.'^H, 
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where >st denotes stochastic dominance and 
These arguments imply that 



m 



f{t >0;Bt<V2t- 1}. 



(2.12) 

where C13 := E 
(2.13) 



=: Ci3P[r(y) < t], 
min{l, tI]^^^} G (0, 00). Compared with fl2.1ip . this tells us that 



P 



T{y) <t] < c^ty^e-^y, for 2 < y < Vt, 



where C5 := e (0, 00). 

Taking t = e^^^^"^) with 6 G (0, 1) yields that 



00 

5^p[T(fc) 



< e 



v^A:(l-5) 



< 00. 



k=l 



According to the Borel-Cantelli lemma, 



lim inf — - — ^ > a/2, almost surely, 

y^oD y 

proving the lower bound in the proposition. 
To prove the upper bound, we recall that 

i?"(t) = max{X„"(t); v e A/'"(t)}, u G X{s). 

Obviously, R^{t); u G Mi^s) are i.i.d. given J^5, and are distributed as R{t). 
We fix ay G (0, y) and define the measurable events 



El := \^L{ay) > -2ay; N{ay) > exp (^«!/) |) 
S := SiH |T(y) > e^^(i+^)}. 



Then, 



(2.14) 



P 



T{y) > e 



< P 

< P 



+P Si n \ T{y) > e 



,v^y(l+5) 



N{ay) < exp ( |a 



+ P 



L{ciy) < —2ay 



+ P 
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We choose ay = j^^^y ='■ ^iV from now on to evaluate P[S]. Since Si G Fay-, for y large 
enough so that 2e^y^^+¥) < e^y(^+^) — CLy, we have 



P 



< P 



< P 



R{r) < m(r) + y + 2ay + V2ay, Vr G [eV^?/(i+5'5), 2e^^(^+5^) 



i?,(r) < m(r) H — ^ log r, Vr G 
v2 



,V2y{l+|<5) 2gV^?/{l+|<5) 



At this stage, it is convenient to recall the proof of Proposition 15 of Roberts flT] , saying 
that there exists a constant c' > such that for y large enough, 



P 



3r G 



jV22/(l+|5) 2eV2?/{l+|'5) 



: i?(r) > m(r) H — ^logr 
v2 



> c' > 0. 



Thus, P 



< (1 _c')"""^' < expi-c'e^^y/^). 
It remains to estimate P[A^(aj^) < exp(|aj^)] and P[L(ay) < — 2aj^] . On the one hand, 
the branching mechanism tells us that for any s > 0, N{s) follows the geometric distribution 
with parameter (for example, see Page 324 of [16]). It thus yields that P[A^(aj^) < 
exp(iay)] < e~^'^y^'^. On the other hand, as shown in Proposition 1 of Lalley and Sellke 



for any fi > a/2 and s > 0, 



(2.15) 



P 



L{s) < -fis = P R{s) > fis < /i-^(27rs)"^/^exp 



Consequently, fl2.14p becomes that 



(2.16) 



P 



T{y) > e 



V2y(l+S) 



^Siy/2 



By the Borel-Cantelli lemma again, we conclude that almost surely 

lim sup — - — ^ < V2, 

j/-s>oo y 

which completes the proof of the proposition. □ 

For a > and (3 > 0, set 



p{z, a, 13) := P 3r < e"^ : R{r) < m(r) - l3z 
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Proposition 2.5 There exists a positive constant Ci, independent of{a,f3,z), such that for 
any z > z{a, (3), 



(2.17) 



p{z, a, (3) < Ci exp ( - -0=^ . 



Proof: It follows from (11. ip that as z — t- oo, 



p{z,a,/3) 



P 



3r < e"^ : R{r) < m(r) - (3z 



Hence, there exists ZQ^a, (3) large enough, such that for all z > z^^a, /3), 



(2.18) P 

For any bz < e"^, we have 



3r < : i?(r) < m(r) - f3z/2 < 1/2 



(2.19) p{z,a,/3)<F 



3u e Af{h), s.t. minX„(s) < ^26^ - f3z/2 



s<b 



+ P 



|3r < e"" : R{r) < m(r) - I3z^ f] |l(6,) > ^26, - /3z/2'j 



On the one hand, by the many-to-one lemma. 



P 



3m G Af{bz), s.t. minX„(s) < V2bz - (3z/2 

s<bz 



< E 



l(min^<b^X„(s)<v^6^-/3^/2) 



min5, < V2bz - [3z/2 

s<h. 



On the other hand, by simple observations, 

P |3r < e"" : R{r) < m{r) - n |l(6^) > ^26, - /3z/2| 
< P Pi |3t < e"", s.t. i?"(t) < m(t) - /3z/2} 



E 



JJ p[3t < e"^ s.t i?(t) < m(t) - l3z/2 



where the last equality follows from the branching property. Going back to fl2.19p . one has 

p{z,a,P) < e^^F minB, < V2bz-Pz/2 

s<h. 



+ E 


n p 


3t < e"",s.t. R{t) < m{t)-/3z/2 
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Let bz = -^^z- Then, by f l2.18p . for all z > z{a,f3) := ma.x{zQ{a, (3), ^}, 







+ E 







piz,a,l3) < e^'^F mmBs<-f3z/3 

L s<bz 

< cre-^''^ + e-^^ < Ci exp - , 
with Ci := C7 + 1, which completes the proof of the proposition. □ 
Corollary 2.6 For any 5 G (0, 1), there exists some s{5) > 1, such that for all s > s{6), 



(2.20) 



P 



Ris) < V2{1 -6)s 



Proof: Since we always have m(s) — 5s/2 > a/2(1 — 5)s when s is sufficiently large. 



P 



R{s) < V2{1 -5)s 



< 



3r < : R{r) < m{r) — 5s/2 



which by Proposition 12.51 is bounded by Ci exp ( — j^^) for all s large enough. □ 



3 The case of two independent branching Brownian 
motions 

We consider two independent branching Brownian motions, denoted by X^(-) and X'^(-). 
Suppose that P[X^(0) = 0] = P[X^(0) = z] = I with 2 > 0, where X^(0) and X^(0) 
represent the position of the roots, respectively. We write -R^(-) (-R^(-), respectively) for the 
position of rightmost particle of the BBM X'^(-) (X'^(-), respectively). We define, for any 
2/>0, 

T\y) := M{t>l-R\t)>m{t) + y}- 
T^{y) := inf{t > 1; R^{t) > m(t) + y}. 

Let T^^^ be the first time when the rightmost point of X"^ exceeds that of X"^, i.e., 

r^A>B ^ rpA>B^^-^ ._ > Q. J^A^^^ > R^{t)}. 

We immediately observe that the distribution of T'^^^^z) merely depends on the parameter 
z. Actually, we can take another pair of independent standard BBM's (both rooted at the 
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origin), namely, X'^(-) and X^^(-). Their rightmost positions are denoted by -R^(-) and R^^{ 
respectively. For any positive z, let 

T{z) := inf{t > : R\t) - R^\t) > z}. 

Then T^>^{z) is distributed as T{z). Besides, z i— )■ T{z) is increasing. 

Proposition 3.1 The following convergence holds almost surely 

(3.1) 

Proof: For any 5 E (0, 1), 



hm = V2. 



2— >00 Z 



P 



r{z) < e 



P 



< Pi +P2, 



where 

Pi := P 

Clearly, = P 



3t < e^^(^-^\ s.t. i?^(t) < m(t) + z- Sz/2 
rpA>B < gv^.(i-5)| p |/?^?(t) > m(t) + (1 _ 5/2)2,Vt < e^"(^-^) 

3t < e^^^^-"^), s.t. R{t) < m{t) - 6z/2 = p{z, ^2(1 - 6), 6/2). By Proposi- 



tion [221 ior all z > -2(5), 



At the same time, we notice that 



(3.2) |t^>^ < e^^''^^ I n |i?^(t) > m(t) + (1 - (5/2),2, Wt < e^^^^-^) | C 

jat < e^^^i-"^) : i?^(t) > R^{t) > m{t) + (1 - 5/2)z^ C |t^((1 - 5/2)z) < e^^^^-"^)!. 



This yields that 



P2 < P 



t{{1-5/2)z^ < e 



v^2(l-5) 



< c,z\-''l^\ 



because of the inequality f l2.13p . 
As a result, 



(3.3) P 



T{z) < e 



< Ci exp 



5z 



12^2 
11 



+ C5;z^e"^'^/^ < Cg exp 



5z 
12^27' 



for some constant cg > and all z large enough. Thus, by the Borel-Cantelli lemma, 

lim inf ^^'^^ ^ > \/2 almost surely. 
To prove the upper bound, we observe that 



(3.4) 



where 



P 



gi := P 



q2 := P 



r{z) > e-^^(^+'5) 



P 



<qi + g2, 



T^(^z{l + 5/2)) > e^^(^+'')| U |t^(2(1 + 5/2)) < e^' 



Notice that T^{y) is distributed as T{y) for any ?/ > 0. According to the inequalities fl2.13p 
and f l2.16p . there exists 62 := ^2(6) > such that qi < e~^^^ for z large enough. It remains 
to estimate q2: 



q2 



< 



p 



^gV2z(l + «) 
< / P 



(^2(1 + 5/2)) G dr 
T^(^;z(l + 5/2)) e c/r 



T^(z(l + 5/2)) =r 



i?^(r) > m(r) + ^(1 + 5/2) 



By the inequality ( 12. 2 p again, this tells that 

^gV^z{l+5) 



^ P + 5/2)) G dr C2{z + l)2e-v^'5-/2 



< C2{z+lfe-^'''\ 
Thus, recalling (13. 4p . we obtain that for all z large enough. 



P 



T{z) > e 



V2zil+S) 



2 -V25z/2 



It follows that almost surely lim sup^. 



< \/2. Proposition 13.11 is proved. □ 



4 Proof of Theorem 1.1 



For any A; G N+ and 5 G (0, 1/20), we define 

Msik) := {u G U{k) : X„(A;) < -^2(1 - 5/2)A;}. 
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In order to study the asymptotic behavior of T£(^s) for s G M+, we first look for a lower bound 
for minug_^^(fc) Tu and an upper bound for maXu,:jKfg(k) 'Tu- 

Recall the definitions (II. 3p and (II .4^ of the shifted subtrees. For any particle u G N'sik), 
we use X"(-) to represent the branching Brownian motion generated by u started from the 
time k. Meanwhile, we use X^'(-) to represent the branching Brownian motion generated by 
the rightmost point at time k. Accordingly, the random variable T'^>^ is defined to be the 
first time when u has a descendant exceeding all descendants of the rightmost particle at 
time k. 

Considering that T'^>^ < r„ for each u G Afs{k), one sees that 



P 



where 



p[ := ¥\R{k) < V2{1 - 5/2)k 



p'2 ■■= P 



' (R{k)>V2{l-S/2)k) -'-('■pu>r<e4fc(i-io5)') 



Given J-'^, the BBM's X" and X'' are independent. Then, 



P2 < E 



E 



El/ m,\rpu>r ^ ^4k{l-105) 

{R{k)>V2{l-5/2)k) [ — 

ueAfsik) 

E 1'-- ' 



J^k 



[R{k)>V2{l-5/2)k) 



'- u£Afs{k) 

By the monotonicity of T(-), this gives that 
P2 < E 



r{R{k) - X^{k)) < e4'=(i-io^) 



J^k 



J2 P[r(2V2A;(l - 6/2)) < e^'^^'^^^^ 

'-ueAfsik) 



E 



E 1 

u£Afs{k) ■ 



P 



r{2V2k{l - 6/2)) < e4'=(i-io^) 

Using the inequality (13. 3p . for all k sufficiently large, 

36k 



E 1 

ueAfs{k) ■ 



cgexp 



-{1-6/2)). 
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Then by the many-to-one lemma and by (12.41) . we obtain that 
(4.1) 

where cg is a positive constant independent of (5, k). 



p'2 < e''F[Bk < -V2k{l - 6/2)]csexp - ^(1 - 6/2) 



In view of Corollary 12. 6[ for large k, one has 
(4.2) p[ < Ci exp 



6k \ 



2AV2J 

Combining f l4.2p with (14. ip yields that for k large enough 



P 



u&Ms(k) 



< Ci exp 



6k \ 



2472/ 



-CgSk 



By the Borel-Cantelli lemma, almost surely, 
(4.3) 



liminf^"g"^^"r^-(^^"->4(l-10^), 

A: —^00 k 



which gives the lower bound for min^g^viCfc) 

To obtain an upper bound for maxu,^j\fg{k) Tu, let us estimate P DuGjVsik)^'Tu > e'"^^^'*'^^^-' 
We consider the subtree generated by any particle u G N'slk). Recall that the shifted 
positions of its descendants are denoted by 

X"(-) := X,u{- + k) - Xuik) for any v E A/'(- + k) satisfying u <v, 

and that i?"(-) := maxX;;(-). We set T"(?/) := inf{t > 1; i?"(t) - m{t) > y} for any y > 0, 
which is obviously distributed as T{y). Let y = 2\/2k{l + 6/2), then 



(4.4) 
where 



P 



U {ru>e 



u&J\fs{k) 



4A;(1+10(5) I 



< q[ +(12 + 



I1 



92 



P 



P 



P 



■ueMs{k) 

L{k) < -V2k 



[j {e'' < T"(2/) < e^'=(i+i°^) < rj; L{k) > -V2k 

u&Ms{k) 
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First, we observe that 



q[<E 



Using the many-to-one lemma for the first term on the right-hand side, 



Bk < -V2k{l - 5/2) 



P 



According to the inequahties (12 ■4p fl2.13p and fl2.16p . there exists ^4 := 54(5) > such that 
q[ < e~^^^ for k large enough. Meanwhile, by (12.21) . q'2 < 2c2(log/c -|- 

It remains to bound q'^. Since T'^iy) is independent of J-^, it follows that 



93 < E 



4fc(l + 105) 






/ P 


T'^iy) e dr 


P 







> r-L{k) > -V2k 



Given {T^{y) = r} and J^^, the event {r^ > r}r]{L{k) > —\/2k} implies that U^g_v(fc)\{u}{-R'^(?") + 
X^(A;) > R'^{r)+Xu{k) > m{r)+y-y/2k}, whose probability is less than J2weAf(k)\{u} '^1 (l + 
{y~V2k- X^{k))l)e~^y+^''+^^-^^^ (see (E^D). This yields that 



q', < E 



E 



,4fc{l+10c5) 



p 



T«(y) G dr\ Yl ^2(1/ + l)2e-^^^^+2A.+^/2X.(fe) 

u>eA^(fc)\{«} 



< E 



«eA/'i{A:) w&Af{k)\{u} 



C2(y+l)V^^+2^E 



^ueXsik) weAf{k)\{u} 



,V2X^(k) 



By integrating with respect to the last time at which the most recent common ancestor 
of u and u was alive (see e.g. [10] for more details), E J2uej\fs{k) Scj^u ^^'^"'''^^ 









[ e^^-'ds 1 P 


Bs G cia; 


P 


/o 












f e^^-'ds 1 P 


e dx 


P 


/o 







Efc < -V2{l-5/2)k 
Bk < -V2{l-5/2)k 



Bs = X 
B., = X 



E 



,V2Bk 



is equal to 

B., = X 



^V2x^k-s 
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where the second equivalence follows from the Markov property of Brownian Motion. We 
rearrange the integration as follows: 

rk 



E 



E E ■ 

u€Afs{k)w€Af(k)\{u} 



2 / e^'^-^'E 

'0 



e'^^'-Bk < -V2{l-5/2)k 



ds 



= 2 e^''-^'E 
Jo 

< 2 [ e^^~2^e"^^^"'^/^)''E 
Jo 



ds 



-V2{Bk-Bs) 



ds. 



which is bounded by e^'^'^^^^ by simple computation. Thus, q'^ < Cio^^e ^'^ for some constant 
cio > 0. 

Going back to (l44l) . 



P 



U 

ueAfs{k) 



< e-^^'' + 2c2(logk + Ifk-^/^ + Clofc2e-^^ 



for all k sufficiently large. 

Therefore, by the Borel-Cantelli lemma, 

log maXueAfsik) Tu 



lim sup 

Ngfc— >oo 



k 



< 4(1 + 105) almost surely. 



We now turn to study {t£(s); s > 0}. 

On the one hand, for any 5 > 0, we claim that almost surely for s large enough, the 
leftmost particle i{s) at time s must have at least one descendant belonging to A/'5([sJ + 1). 

In fact, let us write := {3u e Af{k + 1) : u ^ Afs{k + l);3s G [k,k + l],X„(s) < 
-V2s + S's} with 5' := {V2-l)5/2. By the many-to-one lemma, we get that for k > 100/5, 

4 



< 



6kV2^ 



which is summable over k. It follows that 



(4.5) 



infinitely often] = 0. 



In view of (11.21) . when s is large enough, L(s) always lie below — a/2s + 6's almost surely. 
Combining with (14. 5p . we obtain that almost surely for k sufficiently large. 



max T£(s) < max Tu + 1. 
selk,k+i] ueAfs(k+i) 
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On the other hand, using similar arguments, one can say that almost surely for s suf- 
ficiently large, the leftmost located particle i{s) at time s must come from one particle in 
J\fsi[s\). This gives that almost surely for k sufficiently large, 

min Tg(s) > min — 1. 
Thus we conclude that almost surely 

limi^i^=4. □ 



5 Proof of Theorem 11.2 



It suffices to show that almost surely limF}9/c_5.oo ^^^p^ = 2 + 2y/2, as the sequence {G^; s > 0} 
is monotone. 



5.1 The lower bound of Theorem 11^2] 

This subsection is devoted to checking that: almost surely, 

liminf^>2 + 2v^. 

For < a < y^, we define 

Z,{k) := {ue^{ky,X^{k) < -ak} and Z,{k) := #Z,(A;). 
For < e < (1 - y)/2 and < 5 < 1, we denote 

2 

Ek := >exp[A;(l-y -£)]}, 

Dk := jOfe <exp[(2 + 2y2-5)/c]}. 

Let us estimate P[-Dfc fl Ek]. 

For any s > and /3 > 0, we write F = F(s,/3) := {A^(s) = l,L{s) < —/3s}. Similarly, 



let F„ 




) = l,L-( 


s)<- 


-/3s} for every u G Af{k) 


Then, 


(5.1) 


P 


DkHEk 


< F 


( n r:)nE. 


+ p 


( U F J n z^fc 














-^U^Za{k) ' 
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By the branching structure, we obtain that 













\ Za(k) 


(5.2) 


P 


< P 



















< P[r]exp[fc(l-iL— 4 



Clearly, P[r] = e *P[-Bs < —/3s]. By ( 12. 5p . one sees that, for e > small and s large enough, 

?2 ^2 



(5.3) 



P 



< exp < — exp 



s{l + ^ + e) + k{l-^-e) 



which is bounded by if we choose s = - — — k with k sufficiently large. 



It remains to bound f2 := P 



definition of 9^, one sees that for any p G (0, 2), 



for s 



l-V-2e 



k. Recalling the 



(5.4) n<F 



[j < T.„, < e 

u£Za{k) 



pk 



+ P 



■ ueZaik) 



• UGZa{k) 



We choose now p = 1 — 2e and z = {\/2 — — -^)k. Then comparing T'^{z) and e''*^ 
for every u G Za{k) tells us that 



(5.5) 



U^Za{k) 



+ P 



ueZaik) 



It follows from the branching property that the first term of the right-hand side is bounded 
by E[Za{k)]F[T{z) < 6^% which is e^¥[Bk < -ak]¥[T{z) < e^^] by the many-to-one lemma. 
In view of the inequalities (12. 4p and (I2.13p . one immediately has 



(5.6) 



P 



U {T"(2) < e^^} 

'- u£Za{k) 



< e"— -e 
ak 



^.-a-k/2^^^pk^2^-V-2z < ^-r^k^ 



for some 7] := ri{e) > small enough. 

For the second term of the right-hand side in (15.51) . we observe that for any u G Za{k), 
{tu < ef^ < T^{z)} implies that at time Tu < e^^, the rightmost position R{k + r^) is 
exactly equal to R^{tu) + Xu{k), which is less than m{Tu) + z — ak. Hence, the event 
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^ueZa{k){Tu < e''^ < T'^{z)} ensures that there exists some time r < e^*^ such that the 
rightmost position R{k + r) is less than m(r) + z — ak. This gives that 



(5.7) P 



U {ru<e'''<T^{z)} 

u£Za{k) 



< p 



3r < e'''' s.t. R{k + r) < m{r) + z - ak 



Notice that with our choice of p and z, Proposition 12.51 can be apphed to show that for all 
k sufficiently large, 



(5.8) 



P 



U {ru<e'"' <T-{z)} 
ueZa{k) 



Combined with (15.61) . the inequality (15. 5p becomes Qa < 2e~^^ . 

As shown in (15.41) . it remains to study Vt^. For the particles u G Za{k) such that A^"( 
1, we focus on the subtree rooted at u but started from time k + s. Define 



i?"(t) := max|x^(A; + s + t) - Xu{k + s)]V eJ\f{k + s + t),u < t;|,Vt > 



0; 



and 



T"(?/) := inf |t > l;i?"(t) > m{t) + y^^y > 1. 

Since (_R"(t),t > 0) is distributed as {R(t),t > 0), T^{y) has the same law as T{y). Let us 
take ^/2x = k{2 + 2^2 - 6/2). Comparing f "(x) with 6^^(2+2^2-5) y^^j^g ^^lat 



(5.9) nb<F 



3uje Za{k), s.t. N'^i^s) = l,L"(s) < -/3s,T'^(x) < e'^^^+sVI-^) 



-P 



3u e Za{k) s.t. iV"(s) = l,L"(s) < -/3s, e(^-2")'= < r„ < e^(2+2v^-5) < 



By first conditioning on J-'k+s and then on J-'^, one has 



(5.10) 



^a(A:) 



P 



P 



T(x) < e 



A:(2+2v^-5) 



e-*P 



Bs < -(3s 



P 



T(x) < e'=(2+2^-^) 



For < e < min{5/8, (1 - \)/2}, by flZT^ and ([MI), 

(5.11) < e=^^'=C5x2e-^^e^(2+2y2-^) < ^^^^2g-.fc_ 

On the other hand, the event {3n G Z„(A;) s.t. A^"(s) = l,L"(s) < -/3s, e^^-^-^)^ < r„ < 
gfc(2+2v^-5) ^ r"(x)} implies that there exists some time r G [e^^"^^)'' - e^-'^^^^^"'') - s] 
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such that the rightmost position R{k + s + r) is less than —ak — f3s + m{r) + x. Thus, 



< P 



3u e Za{k) s.t. N'^is) = < -(3s, e^'-^'^'' < r„ < e*^(2+2V2-<5) < fu 

3r G [e(^-^")^ e'=(2+2v^-5) + A;], s.t. R{r) < m{r - k - s) + x - ak - (5s 



X] 



By taking a = /3 = 2 — v2, we obtain s = — ^ — k = (4^ — for some sufficiently small 

El = Eiie) > 0. Let 5 > 8\/2ei, then m{r — k — s) + x — ak — (3s < m{r) —Sik. By Proposition 
12.51 for k large enough, 

(5.12) < Cie-''^'^^. 

Since < ^]6l + ^^62, it follows from fl5lT]) and f l512|) that fit < cnfc^e"^^' + C^e-^i'^/^^. 
Combined with the fact that Via < 2e~^^, (15. 4p implies that 

fii < 1]„ + fib < 26-"'= + cii/t^e-"'^ + Cie-^^'^/^^. 

According to the inequality ( ISTTl) . for < e < 5/8, 77(e) > 0, < £1(5) < 5/8V2 with 5 
sufficiently small, and for all k sufficiently large. 



FlDkHEk] < exp 



Consequently, 



By Borel-CanteUi lemma, F[Dk n Ek i.o.] = 0. Recall that Ek := |^a(^) > exp k{l - ^ - 
Biggins |5] showed that almost surely 



(5.13) 



fc^oo k 



2 



Therefore, for any 5 > small, liminffc_>oo 
the lower bound of Theorem 11.21 □ 



> 2 + 2\/2 — 5 almost surely. This implies 
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5.2 The upper bound of Theorem 11.21 

It remains to prove the upper bound, namely, almost surely, 

(5.14) limsup 



fc— >oo 



k 



Before bringing out the proof of fl5.14p . let us state some preliminary results first. 
For M e N+, define 

aM ■■= inf {s > 0; N{s) = M + 1}. 

Clearly, aM is a stopping time with respect to {J^s] s > 0}. Since N{s) follows the geometric 
distribution, one sees that for any s > 0, F[aM < s] = F[N{s) > 1 + M] = (1 - e-'^'^. 
Moreover, ctm has a density function, denoted by /a/, as follows: 



(5.15) 



/m(s) :=l(,>o)Me-^(l-e-^) 



M-l 



< 1 



(s>0) 



Me" 



Recall that L{s) = miui^j^{s) Xu{s). Let L^cm) denote the leftmost position at time cta/. 
Notice that at time aM, there are M+1 particles which occupy at most M different positions. 
This tells us that for any s, /x > 0, 



(5.16) 



P 



L{s) < —fislaM = s 



< MP 



Bs < —fis 



where the last inequality holds because of (12. 4p . 

Let e G (0,1/2). For r > 1/e and < s < r, we set A := A(s,r) > such that 
s(l + ^) = r. Let 

(5.17) $(r. A) := {(Tm > r - 1} U {er < (Jm < r - I, L{aM) < -X{aM, r)^^/}, 

(5.18) ^(r,A) := {er < gm < r - 1,L{cxm) > -XiaM,r)aM}- 

We have the following lemma, which gives some results of the random vector {cm, L^cm))- 
Lemma 5.1 (i) There exists a constant c\2 > such that 



(5.19) 



P 



$ r, A 



< CisMVe-^ 



(ii) There exists a constant C13 > such that 



(5.20) 



E 



^(r,A) 



< cisMV^e^^ 
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Proof of Lemma \5.1[ (i) Observe that 



P 



$ r, A 



< P 



(Ja/ > r - 1 



+ P 



fMis)ds+ I P 

lr-1 

POO 

< / Me-'ds + 

J I — 1 J er 



er < (Tm < r - 1, L{aM) < -K^m, r)aM 

fM{s)ds 



er 
r-1 



Lis) < -X{s,r)s 
M 



X{s, r)s 



where the last inequahty follows from flS.lSp and fl5.16p . A few lines of simple computation 
yield fl519|) . 

(ii) Let us prove the inequality (15. 20 p . By Fubini's theorem, we rewrite the expectation 
g2aM-V2L((7M). ^(^^ _x) as follows: 



E 



(5.21) 



r-l 



e"'fMis)E 



er 
r-l 



e 

+ 00 



^^(^);L(s) > -X{s,r)s 



Gm = s 



ds 



e''fM{s) I V2e-^"P 

er J — X{s,r)s 



— A(s, r)s < L{s) < X 



dxds. 



For er < s < r, one sees that A(s, r) = \j2{r — s)/s > ^/2/{r — 1) > 0. We choose 
< Ao = min{l - ^2/2, ^/oJlV^^} so that 



/+00 
y2e-^^P 
■\(s,r)s 



< 



— A(s, r)s < L{s) < X 

X{s,r)s 

+00 r — Xos 

V2e-^'^dx+ / V2e"^^'P 

■Aqs J — X{s,r)s 

Xqs 



dx 



— A(s, r)s < L{s) < X 



ctm = s 



dx 



(5.22) < e(^"i)^+ / \/2e-^"P 

-X(s,r)s 



A(s, r)s < L{s) < X 



dx. 



The last term on the right-hand side of (15.220 . by a change of variable x = —^s, becomes 

r-X{s,r) 



'Ao 

/•X{s,r) 

< / v^se^'^'P 

^Ao 

Jxq f^s 



L{s) < —fis 



A(s,r)s < L{s) < —lis 
Gm = s dfi 



dfi 
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where the last inequahty comes from (I5.16p . Going back to fl5.2ip . 



E 



< 



r-1 



Ao 



'^'''^ ^s—e^^^-'r^dfi + e(^-i)^ ) ds. 



By (15.151) . this is bounded by 



r-l 



r— 1 pX(s,r) j.j2 . ip' \ / ' " 

/ V2i exp <^ (1 + V2/i - \diids + M e^'ds. 

Notice that if s < r/2, then A(s,r) = ^2(^ - 1) > a/2. It follows that 



(5.23) 



u 

max (1 + a/2u - — )s = 2s < r < y/2r. 

0<A*<A(s,r) 2 



Otherwise, r/2 < s < r implies A(s, r) < y/2. Hence, maxo<^<A(s,r)(l + v^/^ — is achieved 
when /i = A(s,r), which equals 



(5.24) (l + V2X{s, 



A(s,r) 



l + y2A(s,r)- 



A(s,r)^ 



1 + 



A(s,r)2 



r. 



It is bounded by \/2r since max2>o "^'^^^^2/2 ~ V^- Combing the two cases, we obtain that 



max e 

er<s<r— l;0</i< A(s,r) 



This implies that 



E 





pr—l /•X(s,r 


< 


/ / 




J er J Aq 



2s e^^dfxds + Mre-^' 

/i 



r-l 



An 



g2(TM-V2i(a-A/)- vl>(7' A) 



As Ao = min{l-v/2/2, ^2/(r - 1)}, we deduce that E 

which completes the proof of (ii) in Lemma 15.11 □ 
Let us turn to prove the upper bound of 9^. 

Proof of ( [5. i^| ). For any u G N{k) and t > 0, we denote Auit) := {r„ > t]. Then 
{9fc > t} = y^ueN{k)Au{t). 
For any G Qn (0, 1), let 

a,:=y2-j0, 6, := V2-(j-l)0, ioi j = I, . . . ,K := K{e) = [^J, 
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so that < < for all j < K. 

Let /fe(a, h) :— {u e N'ik); ak < Xy^{k) < bk} for — oo < a < 6 < oo. 
Given the event S := I - V2k < L{k) < R{k) < v^A;}, we can write 



l<j<K 



SO that 



{Qk>t]= U A^{t)=[ U A^{t))u[ U U A^{t)). 

ueAf{k) ueIki-0,V2) i<j<K uelk{-bj-aj) 



As 



a consequence, 



(5.25) P 



< p 



l-«e/fe(-e,V2) 



K 

i=i 



uelki-bj,-aj) 



We first estimate P 



For any particle u e J^{k), let := inf{s > 0; A^"(s) = 1 + M}. Recall that L"(i) = 
min{X^(i + A;) — Xu(A;);i> e + < v} for any t > 0. By the branching property, 
conditioned on J^k, Wm: L^{'^M)}ueAr{k) are i.i.d. copies of {aM,L{aM))- 

Similarly, We define $"(r,A) := {o"]^ > r - 1} \J {er < al^ < r - 1,L"((7](^) < 
-\{r,(Tlt)al,} and ^'"(r. A) := {sr < a]^, < r - > -A(a]t„ r)(7](,}. One im- 

mediately observes that 



(5.26) P 



U A^{t) n S 
«e/fc(-6>,A/2) 



< P 



U ^"(^'^) 



+ : 



U A„(i)n ($«(r,A) 
«e7fc(-6»,^) 



Conditioning on J^k yields that 



(5.27) P 


U *"(^'^) 


< E 


l*"(r,A) 


= E 


E 1 


p 


$(r. A) 




-ueik{-e,y/2) 




-we7fc(-6»,V2) 




-ue-ffc(-6>,V2) - 







Clearly, 
(5.28) 



E 



E 1 

ue7fc(-6»,^) • 



< ^_N{k)] = 
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It then follows from f l5.19p that 



(5.29) 



P 



r+fc 



We now choose r = k{l + e) and set Aq := P ^ueik('9,V2) ^«(^) ^ (^^"{r, A) 
all k large enough, (I5.26P becomes 



Then for 



(5.30) 



P 



«e/fc(-6»,V2) 



< cuM^ke-''' + Aq. 



It remains to estimate Aq. Since ^$"(r, A) j C {cr^j < er} U \E'"(r, A), we write 



(5.31) 
where 



Ao = P 



U A„(t)n($«(r,A) 

ne/fe(-6l,V2) 



< A1+A2, 



Ai := P 



A, 



U A^{t)n{al<ery,E 

U A„(t)nvI/«(r,A);S 

«e/fc(-e,v^) 



For any particle u G Ik{—0, a/2) such that {cr](:j < er}, for any ?/ > 1, we define 



(5.32) 



^"(y) := min T''{y)+er. 



Recall that A^it) = {r„ > t}. By comparing S'^{y) with t, we obtain that for any ti G (0,t), 

(5.33) Ai < P[ U {ti < 5"(y) < t < r„ 
Me/fc(-9,V2) 

+ P[ y {s-iy)>t;alj<er] +P 

■ue/fc(-e,V2) 
=: Ai„ + Aife + Ale. 



U {^"(^) < ^1 

tje/fc(-e,V2) 



For S G (0, 1) and ^ G Q n (0, 1), we take y = {^2 + 2)k{l + 9), ti = e^ t = e^^'^'^+^^l 
As {alj < er} implies {A^"(£r) > M}, P[§"(?/) > t; ct](^ < er\Tk+er] is less than F[T{y) > 
t — er]'^^ . Conditionally on J^k+er, then by f l5.28p . we get 



(5.34) 



A16 <E 



[ E 



P 



T{y) >t-er 



M 



< e^P 



T{y) > e 



V2yil+S) 



M 



u&h{-e,V2) 
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since r = (1 + e)k with e G (0, 1/2). By fl2A6|) . Ai;, < x e^^^^^J^/^ for A; large enouffh. We 
take M = ^ to ensure that Ai;, < e~''. 



On the other hand, we observe that 



(5.35) 



Ale <E 



v&J\f{k+er) 



T{y) < e' 



By (l27[3ll . Ale < e^+^^'csy^e-^^^'e^ Thus Ai^ + Aie < 2e-^ for sufficiently large k. 
Set Si := + er) < 2{k + £r)| n E. Then, 



(5.36) 



We define A 



Ala <P 



R{k + er) > 2{k + er) 



+ E 



X] -'-(T„>i>5"(y)>ti); '='1 



Irest 



E 



for convenience. On the one hand, 



¥[R[k + er) > 2[k + er)] < e ^ because of fl2.15p . On the other hand, we have 



^Irest ^ IE 



E 



1 ~ F 



r„ > r'; Si 



■77 Trf 

^ 



Since {^"(y) = r'} C {i?"(r') > L^{er) +m{r' — er) +y}, the event {r„ > r'} conditioned on 
{^"(y) = r'} implies U^eAr(fc)\M{x^(A;)+i?"(r') > Xu{k)+L^{er)+m{r' -er)+yy Further, 

this set is contained in Liw<^jV(k)\{u}^R'^ir') > m{r') + Xu{k) + L^{er) + y — y/2er — Xw^k)^ 

As Si guarantees that (^Xu{k) + L^{er) + y — \f2er — X^ik)^ < C-^k, the inequality (12. 2p 
can be applied to show that 



E 



< E 



E 



1 ~ IP 

-^(5"(t/)edr') 



«e/fc(-e,v^) 

E , 



r„ > r'; Si 



•77 77" 



l(5''{j/)G(ir') 



^ C2(l + C2A;)'e 
«)eAr(fc)\{M} 



2 -V2\Xn{k)+L''{er)+y-V2er-X^(k) 



ueIk{-9,V2) w&^f(k)\{u} 



E 



-v^L(er) 



where the last inequahty follows from the fact that for u G J\f{k), Wi^er) are independent of 
J-fc and are independent copies of L{er). 
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Whereas by the estimation of E T^ueMsik) ^n,eMik)\{u} 

,V2{X„{fc)-X„(fc)) 



in Section 4, 



E 



EE- 

k 



2 y e^'^-'ds I P 

2 / e^'^^^'E 
Jo 



G dx 



E 



g-V2B,. <Bk< V2k 
ds. 



= X 



E 



B. = X 



Because E 




^■,-ek< Bk < V2A;] < e^^'^E 




(5.37) 


E 




Xuik)) 






-«6/fe{-6»,v^) w£j\f(k)\{u} 





^V2ek+s obtain that 



Besides, E 





< E 







,-v^X„(er) 



< 2e 



e . As a result, 



3k+V2ek 



Recall that < < 1, ?/ = (-\/2 + 2)A;(1 + 6*) and that r = A;(l + e) with A; large enough 
so that r > 1/e. Hence, Ai^^st < Ci5A;2e(^-2v^)'= for e G (0, |). Going back to f l536|) . we get 
Ala < e"'' + cisfc^e*^^"^^)'^ for all k sufficiently large. 
Consequently, f l5.33p becomes 



(5.38) 



It remains to estimate Ao = P 



Une4(-e,v^) ^«(^) n ^"(r. A); h] where vl/«(r. A) = {er < 
o'm < ''^ ~ I5 L^i'^A'i) ^ ~A((j]^j, t)(t](^}. For any particle u G Af{k) satisfying \l>"(r. A), define 



(5.39) 

Comparing S^{y) with t yields that 



5"(|/) := min T^(y) + for any y >0. 



(5.40) A2 < P 

+ P 



U {ti<5«(y)<t<r„}nM/"(r,A);H 

ue/fc(-6»,v^) 



U {s"(y)>t}nvl>-(r,A) 



+ P 



U {^"(y)<ti}nvl>-(r,A) 

«e/fc(-e,v^) 

=: Aaa + A26 + Aac. 



27 



According to the definition of S^"(?/), one sees tliat P[S^"(i/) > t; ^"(r, A)] < F[T{y) > t-r]^ 
and tliat P[5"(?/) < h; ^"(r,A)] < 2MF[T{y) < h]. Recall that r = {1 + e)k, M = 6/61, 
y = {^/2 + 2)k{l + 6), ti = e'^ and t = e^y^'^+^^l For any -00 < a < 6 < 00, by fl2J6|) . 



E 



(5.41) 
Meanwhile, by ( 12331) . 



X] ^{S"(y)>t}nM'"(r,A) 
«S/f;(a,f)) 



< e*^ X P[T(y) > e 



(5.42) 



E 



^{5"(y)<ii}n*«(r,A) 

uel^.{a,b) 



<e^ X 2MV[T{y) < ti] < 2c^Me 



-2k 



Hence, taking a = —9 and b = \/2 implies that + < e + 2c^Me '^^ . Let S2 
{maxo<ro<r Rik + tq) < 6A;} fl H. We get 



(5.43) Asa < P max R{k + tq) > 6A; 

.0<ro<r 



E 



^ -'-{ii<S"(j/)<i<T„}n<I'"(r,A)' '='2 



By the many-to-one lemma, for k large enough, 
(5.44) p[ max R{k + tq) > Qk 



For the second term on the right-hand side of (15. 43 p . we need to recount the arguments to 
estimate Ai^es*. Let 



A 



2rest 



(5.45) 

It immediately follows that 



E 



^ -'-{ti<S'"(y)<i<r„}n<I'"(r,A)! '^2 

«e/fe(-e,V2) 



(5.46) K2rest < E 



i&ik(-e,V2) 
Comparing Tu with S'^{y) tells that 



/ ^(S-(y)edr')-'^"I'"{'-'^) 



X P 



{r„ > r'} n S2 



•77 TT" 



^2rest ^ E 



«6/fe(-e,y2) 



E 



«)eA^(A;)\{«} 



(i?»(r')>m(r')-V^(TXi+J/+^«('=)-^-{'=)+i"Kf)) 
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On the event E2 H ^"(r, A), we have 1 + ( - V2(xlj + y + X^{k) - X^{k) + L'^{(tI^)) < C^k. 
Applying the inequahty (I2.2p for R^{r') yields that 



A 



2rest 



< E 



w£jV{k)\{u} 



ueiki-e,V2) weAf{k)\{u} 



,V2{X„(fc)-X„(fc)) 



E 



^2aM-V2L{aM).^(^^^X) 



by the fact that {apj,L^{a^)} are i.i.d. and independent of J-^. Recall that r = (1 + 
with e e (0, ^/3). It then follows from 1^37} and f lOOj) that 

(5.47) A2.e.t < C|fc2e-(2+2^)'=(i+^) x 2e=^'=+^^' x cisMV^e^^' < cu/^^M^e-^^-^^^ 

Consequently, Aga < e"'' + ciyfc^M^e-^^-i)''. 

Therefore, for k sufficiently large, the inequahty fl5.40p becomes 

(5.48) A2 < e-'' + 2c^Me-^^ + e'^ + d-jk^M^e-'^^-^^^ < CisM^e''''. 
Combined with f l5.38p . Aq < CiqC"^^ + CigM^e"^'^. Going back to fl5.30p . we conclude that 



(5.49) 



P 



ueik{~o,V2) 



To complete the proof, we still need to evaluate P 



Recall that 



for any particle u G A/'(/c), cr]^ = inf{s > 0; A^"(s) = 1 + M} and 

<l>''(r. A) = > r - 1} U {er < < r - 1, L"(a](,) < -A(a](„ r)al,}, 
for any r > 1/e and A(s,r) = a/2(- — 1) with < s < r. Clearly, 



P 



U Mty,^ 

uelk(-bj,-aj) 



< P 



U '^'(^' ^) 

uelk(-bj,-aj) 



+ P 



U A„(t)n(<l>"(r,A))';: 



uelk{-bj,-aj) 



On the one hand, 



(5.50) 


P 


U *"(^'^) 


< E 


E 1 


P 


$(r. A) 






-uelki-bj-aj) 




.uelk(-bj,-aj) . 
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We now take r = k{l — +s) with e > small so that r < 2k. Recall that aj = \/2— j6 
for 1 < j < [-^J, with 6^ G Q n (0, 1). Then note that each aj is strictly positive. Thus, by 
the many-to-one lemma and (I5.19p . (15.501) becomes that 



P 



U $"(r,A) 

uelk{~bj,-aj) 



< e''F[-bjk <Bk< -a^k] x cisMVe"'' 



2 

e 2^'=;, 



is hence bounded by 



where the last inequality follows from (12. 4p . P 

aj 

On the other hand, recalling that \E'"(r, A) = {er < a^j < r — 1, L^[a1[) > —\{a\j, 
we deduce that 

(5.51) P [J A„(t)n f$"(r,A))';S < A'l + A'^, 

where 



uelk(-bj,-aj) 



a; := P 



«e/fc{-fej,-aj) 



a; := P 



U yl„(t)nvl/"(r,A);; 

Furthermore, by an argument similar to the one used in estimating Ai, we have A'^ < C2Qe~^^ . 
Thus, 



(5.52) 



P 



U Mty^ 

u&hi-bj-aj) 



2M /j; I ^ -ek , a/ 

< Ci2 y ke ^ ' + C2oe + Ag. 



It remains to bound A2. Recall that S'^{y) = min^g^ii(a.«^) T^(y) + (T](^ with y = (-\/2 + 2)A;(H- 
6*). We observe that 



A'2 < P 



+ P 



U {^"(i/)>t}nvl/-(r,A) 

u&hi-bj-aj) 



+ P 



U {5"(y)<ti}nvl/-(r,A) 

u&Ik{-bj,-aj) 



max i?(A; + Tq) > 6k 

0<ro<r 



+ P 



U {ti < ^"(y) < t < r„} n ^"(r. A); 



.uelki-bj,-aj) 
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In view of (CTj) . fl5:i2|) and flCT|) . 



(5.53) 



A'2 < e-'' + 2c^Me-^^ + e"*^ + E 



<5"(i/)<t<r„}n'I'"(r,A)' ' 



We define A', 



2rest 



E 



--2 



. Thus applying the analo- 



gous arguments to the estimation of A2r-esi gives that 



(5,54) A;,,,„, < Cjifc^e-v^SE 



"e/fc(-bj,-aj) iueAr(fc)\{M} 



V2(X„(fc)-X„{fc)) 



X E 



Once again, by means of integrating with respect to the last time at which the most recent 



common ancestor of u and v was alive, E 



Sne4(-b,,-a,) X] 



w&Af{k)\{u} 



,V2iX^ik)-Xnik)) 



equals 



2 j e^^-'ds I P 

rk 

2 / e^'^-^'E 
Jo 

pk 

2 / e^^'^^'ds 
Jo 



E 



E 



5., = X 



E 



(is 

Bk = X 



Let (6s (x); < s < A;) denote a Brownian bridge from to x of length k. Then E 



Bk 



X 



equals E 



oV2bsix) 



which turns out to be exp(s(A; — s + ^J2x)lk). Note that > and 



that bj = ttj + 9. This gives that 



E 



E E ^ 

u£lk(-bj,-aj) ■weJV{k)\{u} 



V2{X^(k)-Xn(k)) 



2 / ^3k-2s+s{k-s)/k 

Jo J-b,k \/lT^k 



exp ( — 771 — ^/^x + \/2—x j dxds 



< 2/ e^''-^'-^'^^-''^/''^=exp( -^k + V2b.k-V2ais]ds, 

~ Jo V 2 ^ ^ y ' 

which is bounded by \/k exp [3k-^k + V2bjk) since jj^ exp ^ — 2s + s(A; — s)/A; — A/2ajS j ds 



is less than 1. One hence sees that E 



'^uelk{~bj,-aj) X] 



w&J\f{k)\{u} 



,V2{X^{k)-Xu{k)) 



is bounded 
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by y^e2'=+(i-^+^"^)'=+^''^ Going back to flCTj) and applying flOOD . 

< C22k^/^M^e-^"' exp (a; [(^2 + 1)(1 - a,V2) + ^2% - 2V2 



as r = A;(l - ^)(1 + e) with e e (0, |). Observe that 



(5.55) 



(72 + 1)(1 - aV2) + ^2% - 2V2 



V2 + I 



We get A.^rest ^ C22k^^'^M'^e~'^^^ , and thus for all k sufficiently large 
(5.56) A'2 < C2zM^e-^\ 

Consequently, by (15. 52 p . 



[aj - (2 - ^2)^ < 0. 



P 



U, 



uelk{-bj-aj) 



Summing over j G {1, ■ ■ ■ , K = [^J } implies that 



K 



(5,57) 



where C{6) is a positive constant associated with 6 (but independent of /c, 5 and M) and /c 
is large enough. 

Going back to fl5.25p . we combine ( I5.49P and fl5.57p to say that 



P 



T{k) > t| n I - V2k < L{k) < R{k) < V2k^ 



eek/2 



< 



cm 
1^' 



-eek/2 



where 9 e Q n (0,1), e e (0, f ), 5 > and t = exp[k{2 + 2V2){1 + 9){1 + 25)] and k is 
sufficiently large. 

According to the Borel-Cantelli Lemma, we conclude that for any ^ G Q fl (0, 1) and any 
5 > 0, 



logOfc 



lim sup 



< (2 + 2^2) (1 + ^)(1 + 26), almost surely. 



This implies the upper bound in Theorem 11.21 □ 
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